Abstract. We solve the isoperimetric problem, the least-perimeter way to enclose a given area, on various Euclidean, spherical, and hyperbolic surfaces, sometimes with cusps or free boundary. On hyperbolic genustwo surfaces, Adams and Morgan characterized the four possible types of isoperimetric regions. We prove that all four types actually occur and that on every hyperbolic genus-two surface, one of the isoperimetric regions must be an annulus.
Introduction
Suppose we want to enclose given area on a surface with minimum perimeter, that is, to fence off a certain amount of land using as little fencing as possible. What shape should the fence be? The isoperimetric problem, as this riddle is known, has fascinated mathematicians and laymen for millennia. As early as 200 B. C. E., Greek geometer Zenodorus showed that a circle is the solution in the plane. The problem appears repeatedly in Greco-Roman and British mythology from The Aeneid by Virgil to the thirteenth century Histories of the Kings of Britain by Geoffrey of Monmouth [14] . Jacob Steiner began the first modern rigorous proof in 1842, though it took several decades for mathematicians to prove that a solution must exist. Since Steiner, many other proofs have been found in R 2 and the problem has also been solved on the cylinder, cone, hyperbolic plane, flat torus, paraboloid, and a few surfaces with density [6, p. 3] . This article considers this age-old problem on surfaces for which it had yet to be solved, including hyperbolic genus-two surfaces, annuli bounded
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Pair of pants Separating curve Disk Figure 1 . Every genus-two surface has isoperimetric disks and annuli. In some genus-two surfaces, separating curves or pairs of pants are also minimizing.
by constant-curvature curves, Möbius bands, and hyperbolic twisted-chimney spaces. We recently learned that the case of a region between two parallel horocycles was done by Marcio Silva [11] . 1.1 Hyperbolic genus-two surfaces. In Theorem 5.23 we show that on every hyperbolic genus-two surface, one of the minimizers must be an annulus. Theorem 5.13 shows that every minimizer must be one of the types shown in Figure 1 . Theorem 5.18 shows that each of these types actually occurs for some hyperbolic metric. Combining these results, Theorem 5.24 shows the complete set of minimizers on a given genus-two surface must be one of the following:
(1) disks and annuli, (2) disks, annuli, and pairs of pants, (3) disks, annuli, and separating curves, (4) disks, annuli, separating curves and pairs of pants.
Of these, types (1)-(3) are known to actually occur.
To arrive at these results, we begin with a list of possible hyperbolic minimizers from Adams and Morgan [1, Theorems 2.2, 2.3] and see which of them can occur on a genus-two surface (Theorem 5.13). Adams and Morgan showed that disks and annuli occur on the maximal genus-two surface, so we sought to find limiting cases for which separating curves and pairs of pants occur as well. We construct these limiting cases as follows: Figure 2 . In a concentric annulus a minimizer is an arc normal to the outer boundary for small areas and a pair of spokes for large areas.
• cut the maximal genus-two surface along any three disjoint closed geodesics to get two pairs of pants; • cut the pairs of pants into four right-angled hexagons;
• scale these hexagons so that each has three alternating sides of length ε > 0; • reglue the hexagons to form two pairs of pants with very short cuff lengths. Depending how we attach the pairs of pants to each other we get a genus-two surface with either a very short separating geodesic or three very short non-separating geodesics. In the former case, a separating curve is minimizing for half the area of the surface, while in the latter case, a pair of pants is superior.
1.2 Regions of R 2 , S 2 , and H 2 bounded by constant-curvature curves. In a planar annulus bounded by two concentric circles, Theorem 3.10 shows that the minimizer is an arc normal to the outer boundary for small areas and a pair of spokes for large areas as in Figure 2 . This result is actually a special case of Theorem 3.9, which generalizes the solution to all connected regions R 2 , S 2 , and H 2 bounded by two disjoint constant-curvature curves. In some of these regions, such as non-concentric annuli, spokes may be curved and vary in length. Theorem 3.7 shows that in most regions of variable width, there are exactly four spokes with a given curvature, two long spokes and two short spokes. Building on this result, Theorem 3.9 states that a minimizer must be one of the types shown in Figure 3 .
The key to proving Theorem 3.9 is to show that a pair of long spokes such as those in Figure 4 are never minimizing. Take two long spokes of curvature κ and move one spoke outward, adding perimeter ∆P 1 and area ∆A. Move the other spoke inward, saving perimeter ∆P 2 and area ∆A, thereby keeping Figure 3 . In a non-concentric annulus S, or almost any region bounded by two constant-curvature curves, the minimizer is an arc normal to the boundary for small areas, a pair of short spokes for medium areas, and a short and long spoke for areas close to (area S)/2. the total area constant. Curvature, of course, represents change in perimeter over change in area. Since the spoke we lengthened has less curvature and the spoke we shortened has more, ∆P 1 /∆A < ∆P 2 /∆A. Hence ∆P 1 < ∆P 2 , which means we have lost more perimeter than we have added. Therefore, since two deformed spokes enclose the same area as a pair of long spokes with less perimeter, two long spokes are not minimizing. By existence and regularity Theorem 2.1, the only other choices for minimizers are an arc normal to a boundary, two short spokes, or a short spoke and a long spoke of the same curvature. 1.3 Bands and related surfaces. Theorem 4.2 shows that in a band, such as those in Figure 5 , a minimizer is one of the following:
(1) an arc against the boundary with less curvature, (2) a pair of spokes, N' Figure 4 . A non-concentric annulus with two long spokes. Although a pair of long spokes looks minimizing, we can actually save perimeter by moving one spoke up and the other down, thereby capturing the same area with less perimeter.
(3) a curve at fixed distance from a boundary, or (4) two curves at fixed distance from a boundary.
We define a band to be a Euclidean, spherical, or hyperbolic annulus of constant width with constant-curvature boundaries. Unlike the other surfaces we study, there is no fixed order in which the minimizers occur: on some bands the minimizer is a pair of spokes for medium areas and a fixed-distance curve for large areas, while on other bands the order is reversed. In Theorem 4.4, we even find a hyperbolic band for which the minimizer is first a pair of spokes, then a fixed-distance curve, and then a pair of spokes again before we have reached half the area. This unexpected alternation between two types of minimizers is something we have yet to see in the literature.
On a Möbius band, in contrast, Theorem 4.6 shows that the order of the minimizers is always the same: an arc normal to the boundary for small areas, a fixed-distance curve for medium areas, and spokes for large areas. Propositions 4.14-4.19 show that the Euclidean band, torus, and Klein bottle isoperimetric problems are equivalent, and that we can use our list of minimizers in a band to find all the minimizers on a Euclidean strip, cylinder, or twisted chimney space.
To show that a minimizer cannot contain both an arc normal to the boundary and a fixed-distance curve, we employ the same variational argument discussed in Section 1.2.
Existence and regularity
Theorem 2.1. Let S be a complete, smooth Riemannian surface, possibly with boundary. If S has finite area or is compact under its isometries, then for
Arc normal to boundary
Pair of spokes Fixed-distance curve Two xeddistance curves Figure 5 . Four types of minimizers occur on bands: arcs normal to the boundary with more curvature, pairs of geodesic spokes, and one or two curves at fixed distance from a boundary. The band on the right is hyperbolic. any area 0 < A < area S there exists a minimizer. It consists of curves of equal constant curvature and is smooth on the interior of S. Existence and regularity also hold for infinite regions of R 2 or H 2 bounded by one or two constant-curvature curves.
Joel Hass and Frank Morgan prove existence and regularity for smooth closed Riemannian surfaces [5, Theorem 3.4] . Geometric measure theory provides a proof to cover all n-dimensional manifolds that are of finite volume or are compact under their isometries [7, Theorem 2.1], [9, pp. 129-131] . To extend the theorem to infinite regions of R 2 or H 2 bounded by constant-curvature curves, draw a disk encompassing a large portion of the region. Since the intersection of the disk and the region has finite area, a minimizer exists. One can then prove that the minimizer in the intersection is indeed the minimizer in the entire region by taking piece of curves and translating them back into the disk.
Although Theorem 2.1 holds for all areas, on finite surfaces we will only consider areas up to (area S)/2 since we can find the minimizer for larger areas by taking complements. For instance, in the flat torus, if a circle enclosing a disk is the minimizer for 10% of the area, then a circle enclosing the complement of a disk is the minimizer for 90% of the area. Every surface we examine in this paper is covered by this theorem, except for twisted chimney spaces (Corollary 4.13) and the surfaces in Section 5, where our proofs do not depend on existence and regularity. Remark 2.2. All boundaries discussed in this paper are "free", meaning they can be used to help enclose area without adding to the total perimeter. Therefore, if a minimizer intersects a boundary, it must do so smoothly and orthogonally at isolated points.
This result is well known in more general cases, including some manifolds of higher dimension, thanks to geometric measure theory. The proof in Riemannian surfaces involves a variational argument in which we trim off a corner and recover the lost area elsewhere by deforming the curve.
3. Regions of R 2 , S 2 and H 2 bounded by constant-curvature curves
In The Aeneid, Roman author Virgil recounts the legend of Queen Dido, who fled Tyre to escape her murderous brother Pygmalion. Arriving on the North African coast, the local leaders agreed to sell her as much beach-front as could be enclosed by a bull's hide. The clever Dido cut the bull's hide into strips making a very long rope which she strung in a semi-circle perpendicular to the coast, thereby capturing as much land as possible. Queen Dido's geometric insight not only led to the founding of Carthage, but is also one of the earliest examples of the challenge we are about to explore: finding the least-perimeter way to enclose a given area in a region with free boundary [14] .
Lemma 3.1. In a region of R 2 , S 2 or H 2 bounded by one constant-curvature curve, the minimizer is a constant-curvature curve normal to the boundary. Conversely, any constant-curvature curve normal to the boundary at its endpoints minimizes length for a given area, uniquely up to translation along the boundary.
Proof. By Theorem 2.1, a minimizer must have constant curvature. Suppose a minimizer contains a component which does not intersect the boundary. Since a minimizer must have finite length, this component must be a circle, and we can translate it so that it is tangent to the boundary or another component contradicting regularity. Thus, all components intersect the boundary and must do so twice since they have finite length. Multiple components can be translated along the boundary until they touch, again violating regularity. Thus, the minimizer consists of a single constant-curvature curve normal to the boundary.
To show uniqueness, suppose that there are distinct constant-curvature curves of length L and enclosing area A both normal to the boundary. By translation, we can assume the two curves have a common right endpoint. Since distinct, they must have different curvatures. Since they enclose the same area, the one with greater curvature must return later, contradicting Schur's lemma [2, p. 46] as shown in Figure 6 .
Every constant-curvature curve normal to the boundary at both endpoints is determined, up to translation, by its curvature. The greater the curvature, the greater the area enclosed by the curve. Suppose under contradiction, that there exists such a curve C enclosing area A which in not minimizing. By existence, we know there must be a minimizer for area A and we just showed that it must be a constant-curvature curve normal to the boundary. Since the minimizer is not congruent to C, it must have different curvature. However, if it has a different curvature, it must enclose a different amount of area, contradiction. Therefore, every constant-curvature curve normal to the boundary at its endpoints is a minimizer.
We pause briefly to note that there is only one type of constant-curvature curve in the sphere (circles), two types in the Euclidean plane (lines and circles) and three types in the hyperbolic plane (circles, horocycles, and equidistant curves). Note that all geodesics are equidistant curves since they lie at constant distance from themselves.
In the sphere, all circles are equidistant curves. The Arctic and Antarctic circles, for example, are equidistant from the equator. Every spherical geodesic has exactly two equidistant curves of every curvature, one on each side. In the Euclidean plane, the only equidistant curves are lines. In the hyperbolic plane, however, space spreads out so quickly that a curve can have non-zero curvature and yet never close up to form a circle. With the exception of horocycles, all curves with this interesting property are equidistant curves. Around every hyperbolic geodesic, there are two equidistant curves of curvature 0 < κ < 1, one on each side. The geodesic in this case is called the axis. Equidistant curves very close to the axis will be almost as straight as geodesics, but the farther out you go, the greater the curvature of the equidistant curves. Needless to say, all equidistant curves in the surfaces we discuss must have constant curvature. lines, intersecting their axes at the boundary. Horocycles appear as horizontal lines or circles tangent to the boundary. In the Poincaré disk model ( Figure  7 ) where geodesics are represented by circular arcs normal to the boundary, equidistant curves are represented by circular arcs intersecting their axes at the boundary. Horocycles appear as circles tangent the boundary. In either model, horocycles that touch the boundary at the same point are at constant distance from one another.
Having dealt with regions bounded by one constant-curvature curve, we shall now look at connected regions bounded by two, including annuli, the complement of a disk in the half plane, the complement of two disks in the plane or sphere, and infinite strips. In any of these regions, the minimizer for small areas will clearly be a constant-curvature curve normal to one of the boundaries. But which boundary should we choose? The following lemma shows that we must always pick the boundary with greater curvature. than a constant-curvature curve of the same length normal to the boundary with less curvature. Convex boundaries are assumed to have negative curvature.
Proof. Let A be a constant-curvature curve normal to the boundary with greater curvature and B be a constant-curvature curve of the same length normal to the boundary with less curvature. Compare curves A and B when placed against the boundary with greater curvature as in Figure 8 . Since A is normal to the boundary, then by Lemma 3.1 it is the unique minimizer in that surface, and hence encloses more area than B. However, B encloses more area against the boundary with more curvature than it does against the boundary with less curvature as shown in Figure 8 . Thus, A encloses more area against boundary the boundary with greater curvature than B does against the boundary with less curvature.
In surfaces with two boundaries, we can expect some minimizers to go from one boundary to the other. In an annulus, these curves look like spokes on a wheel. Definition 3.5. In a region between two constant-curvature curves, any constant-curvature curve that meets both boundaries orthogonally is called a spoke.
If the boundaries are at a constant distance from one another all spokes will be geodesics and have the same length. However, if the distance between the boundaries varies, the length and curvature of the spokes will too. In fact, every spoke is really just an arc of a circle (or some other constant-curvature curve) which meets both boundaries orthogonally. Figure 9 . A spoke is a constant-curvature curve that meets both boundaries orthogonally.
N'
N' Figure 10 . At left, a non-concentric annulus with four spokes of the same curvature, two long and two short. At right, we observe that such spokes are formed from the intersection of the annulus with two identical circles.
equal to or shorter than the maximal spokes are called short spokes (including the maximal spokes themselves). A geodesic axis that crosses both boundaries orthogonally at the points where they are closest is called the central axis (see Figure 9 ).
Of course, in a region where the two boundaries meet at infinity, no central axis exists since the boundaries never reach a closest point. All other regions bounded by two constant-curvature curves have a central axis, however, and most have maximal spokes. Lemma 3.7. Consider a region of R 2 , S 2 , or H 2 between two constantcurvature curves whose width is not constant. If the region does not contain maximal spokes, then spoke curvature increases monotonically in either direction starting at the central axis. If the region does contains maximal spokes,
(1) There exists a unique pair of maximal spokes. The two spokes have the same length, are reflections of one another across the central axis, and are arcs of the same constant-curvature curve. (2) As we move away from a maximal spoke in either direction, spoke curvature decreases monotonically until it reaches 0 (if ever). (3) Given any curvature 0 < κ < κ max , there exist exactly four spokes with that curvature: two long spokes of the same length, and two short spokes of the same length (see Figure 10 ). In R 2 and S 2 maximal spokes always occur.
Proof. Consider a region of R 2 , S 2 , or H 2 between two constant-curvature curves, A and B, whose width is not constant. If the region is in H 2 , picture it in the Poincaré disk model. Draw a small circle that intersects boundary A orthogonally centered on the central axis. Enlarge the circle, keeping it orthogonal to A, until it meets B orthogonally as well (see Figure 11 ). For hyperbolic regions, the circle might not be contained in the Poincaré disk, as in Figure 12 , and hence may represent a horocycle or equidistant curve. Call this "circle" M and its curvature κ m . Note that M generates two spokes of equal length and curvature.
(1) Recall that the two boundaries come closest at the central axis. As we travel away from the central axis along one of the boundaries, the other boundary gets steadily father away. Therefore, if we slide M along boundary A in either direction, keeping it orthogonal to A, the centers of M and B will become farther apart. As a result, the angle of intersection between M and B will decrease, as shown in Figure 13 . Therefore, enlarge M to create a new circle that is once again orthogonal to both boundaries. Since this new circle is larger than M , the spokes it generates will have less curvature than the spokes generated by M . Therefore, the spokes obtained from M have maximal curvature.
(2) The farther we translate M , the farther apart A and B will become and hence the more we will have to decrease the curvature. Therefore, spoke curvature decreases monotonically in both directions, approaching zero. By symmetry, spoke curvature reaches zero at the central axis. For hyperbolic regions, if the maximal spokes are not contained within the Poincaré disk, then maximal spokes never occur. Therefore, the curvature goes on increasing forever as we move away from the central axis.
(3) The two maximal spokes and central axis divide our surface into four regions. Note that within each region, spoke curvature must vary monotonically between 0 and κ m . Therefore, given any curvature 0 < κ < κ m , there exist exactly four spokes with that curvature. Clearly, the two regions inside of M Spoke Spoke A B M Central Axis Figure 11 . Begin with the smallest dashed circle, centered on the central axis. Enlarge it until it is orthogonal to both boundaries. By definition, the arcs of this circle connecting the boundaries are spokes.
contain short spokes, while two outside contain long spokes. Thus, for every curvature 0 < κ < κ m , there exist two long spokes and two short spokes.
As we have seen, not all regions have a unique pair of maximal spokes. In surfaces of constant width, such as a Euclidean strip or a concentric annulus, all spokes are geodesics of the same length. In hyperbolic strips, spoke curvature increases as we move away from the central axis, never reaching a maximum. A more interesting example is a region between two horocycles that approach the same point at infinity in the hyperbolic plane. In this region, all spokes are geodesics (κ = 0). Similarly, in a region between two hyperbolic geodesics that approach the same point, all the spokes are horocycles (κ = 1). In either of these surfaces, a single spoke can bound any area.
Remark 3.8. Although maximal spokes do not occur on all hyperbolic regions, they seem to occur if and only if a region has non-constant width and the sum of its boundary curvatures is negative. For instance, in the region between two disks, the boundaries both have negative curvature so maximal spokes occur. In the region between two geodesics, the sum of the curvatures is 0, so maximal spokes do not occur. A rigorous proof of this proposition would be a interesting topic for further research. . If the region is hyperbolic, M might not be contained within the Poincaré disk. In that case, spoke curvature never reaches a maximum. Now at last we are ready to solve the isoperimetric problem in a region bounded by two constant-curvature curves, the main result of this section.
Theorem 3.9. Let S be a region of R 2 , S 2 or H 2 between two constantcurvature curves. If the boundaries approach the same point at infinity in the hyperbolic plane, the minimizer is a spoke bounding a cusp (see Figure 14) . Otherwise, there exist 0 < A 1 < A 2 ≤ (area S)/2 such that a minimizer is (1) a constant-curvature curve normal to the boundary with greater curvature for A ≤ A 1 , (2) two short spokes with equal curvature for A 1 ≤ A ≤ A 2 , (3) a short spoke and a long spoke with equal curvature for A 2 < A ≤ (area S)/2.
(1) and (2) always occur, but in certain infinite hyperbolic regions and in regions of constant width (3) does not occur.
Proof. By Theorem 2.1, a minimizer consists of constant-curvature curves. If the two boundaries approach the same point at infinity then the surface has a cusp. For the first part of the proof, assume S has no cusps.
Suppose some component of a minimizer intersects no boundaries. Since it must have finite length, it has to be a circle. However, circles can be ruled out Not a right angle Figure 13 . When we translate a copy of M along boundary A, it will no longer meet boundary B orthogonally. Therefore, we must enlarge the copy until it meets both boundaries orthogonally. The resulting spokes have less curvature, so the original spokes generated by M must have maximal curvature. since we can translate them so that are tangent to the boundary or another component, contradicting regularity.
Suppose that some component of a minimizer intersects both boundaries. Since it must intersect the boundaries orthogonally, it is a spoke. The minimizer cannot contain a component touching only one boundary, since such a component could be translated up against a spoke or another curve, contradicting regularly. Thus, the minimizer consists entirely of spokes of the same curvature.
Suppose every component intersects exactly one boundary. Therefore, it is an arc normal to a boundary. Multiple arcs against the same boundary can be translated so that they touch tangentially, contradicting smoothness. Thus, the minimizer consists of either one arc or an arc against each boundary. However, an arc against either boundary is no better than two arcs against the boundary with greater curvature (Lemma 3.4), which we have already ruled out. Note that it will always be possible to draw a second arc on the boundary with greater curvature without bumping the other boundary, because arcs against the boundary with greater curvature are not as tall as those against the boundary with less curvature. Thus, the minimizer is a single arc normal to the boundary with greater curvature. If the boundaries approach the same point at infinity forming a cusp, then we can rule out arcs by translating them out along the cusp until they bump the other boundary. One spoke bounding a cusp is clearly shorter than two arcs bounding the same area, since spokes farther from the cusp are longer. Therefore, the minimizer for any area is a spoke bounding a cusp.
Henceforth, assume the boundaries do not approach the same point at infinity. Clearly, arcs are always minimizing for the smallest areas since there is no lower bound on their perimeter. However, arcs cannot be the minimizer for every area: if the region has infinite area, then there are clearly areas too big for an arc to enclose. If the region has finite area, it is an annulus and any arc in an annulus that captures half the area can be translated so that it bumps the inner boundary, a contradiction. Thus, every region has arcs and spokes as minimizers.
As we can see from Figure 3 , the curvature of a minimizing arc is clearly greater than the curvature of any two spokes. Therefore, once the area is large enough for spokes to be optimal, they will continue to be optimal for larger areas. Thus, there exists an area A 1 > 0 such that arcs against a boundary are minimizing if A ≤ A 1 and spokes are minimizing for
If S does not have maximal spokes, then all spokes are short by definition, so a minimizer is either an arc or a pair of short spokes. If S does have a pair of maximal spokes, then for any curvature 0 < κ < κ max , there are exactly four spokes, two long and two short (Lemma 3.7). For smaller areas, a pair of short spokes is clearly best. However, short spokes can only enclose as much area as the maximal pair. For large areas, the solution is either a pair of long spokes or a long-short combination.
Suppose that a pair of long spokes with curvature κ is minimizing (see Figure 15 ). Deform the left spoke left downwards, adding perimeter ∆P 1 and area ∆A. Deform the right spoke upwards, saving perimeter ∆P 2 and area ∆A. Note that the curvature of the left spoke has decreased, while the curvature of right spoke has increased. Since curvature represents change in perimeter over change in area, ∆P 1 /∆A < ∆P 2 /∆A so ∆P 1 < ∆P 2 . Therefore, by deforming the spokes we save more perimeter than we added but enclosed the same area, contradiction. Hence, by process of elimination, the minimizer for large areas must be a long-short combination.
Let A 2 be the area enclosed by the maximal spokes. The maximal spokes clearly enclose more area than the largest minimizing arc normal to the boundary, so A 1 < A 2 . If the region has finite area, it is an annulus, and the maximal pair clearly encloses less than half the area as shown in Figure 15 . Therefore A 1 < A 2 ≤ (area S)/2. Since the shortest long-short combination encloses more area than the maximal spokes, clearly short spokes are minimizing for A 1 ≤ A ≤ A 2 and the long-short combination is minimizing for
We conclude with two special cases of Theorem 3.9.
Corollary 3.10. Let S be an annulus bounded by two concentric circles. Then there exists 0 < A 0 < (area S)/2 such that the least-perimeter way to enclose area A ≤ (area S)/2 is (1) a constant-curvature curve normal to the outer boundary if
Proof. Since the circles are concentric, the distance between them is constant. Therefore, all spokes are geodesics of the same length. The rest of the proof follows immediately from Theorem 3.9.
The following corollary offers an alternative to Lee's elegant proof for the spherical strip [7, Theorem 3.2] . Note that annuli and strips are the same on a sphere.
Corollary 3.11. Let S be a spherical strip, that is, the region on a sphere between two circles of latitude. Then there exists 0 < A 1 < (area S)/2 such that the least-perimeter way to enclose area A ≤ (area S)/2 is (1) a circular arc normal to the latitude closer to the equator if A ≤ A 1 , (2) two arcs of longitude if
Proof. Latitudes closer to the equator have less curvature. Arcs of longitude are the only constant-curvature curves that cross multiple latitudes perpendicularly. The rest of the proof follows immediately from Theorem 3.9.
Bands and related surfaces
We now move from regions of the plane to other constant-curvature surfaces bounded by constant-curvature curves. For instance, what is the most efficient way to enclose area on the surface of an ordinary rubber band? To form a spherical strip, peel off a strip of a sphere between two latitudes, cut it along two longitudes, and identify the ends. The strip can wrap around the sphere t times (0 < t < ∞) in order to give us a band of any finite length. To form a hyperbolic band, consider the region of the hyperbolic plane bounded by two concentric circles, two horocycles at fixed distance from one another, or two equidistant curves sharing a common axis. Since all the spokes between these boundaries are geodesics and have the same length, cut along two spokes and identify them to get a hyperbolic band. Note that the definition of a band includes a concentric circular annulus.
Given its Gauss curvature, a band is determined by three parameters: the width, the circumference, and the curvature of one of the boundaries. The curvature of the other boundary can be substituted for either of the first two parameters. Note that the boundaries need not have the same curvature or the same length. Since the distance between two spherical or hyperbolic geodesics is never constant, a band with two geodesic boundaries must be Euclidean. The following theorem characterizes all minimizers on a band. See Figure 5 for illustration.
Theorem 4.2. Let S be a band of width w and circumference c. Then the least-perimeter way to enclose area A ≤ (area S)/2 is (1) an arc normal to the boundary with less curvature, (2) a fixed-distance curve, Figure 16 . Two fixed-distance curves might sometimes be better than one. In this case, however, an arc normal to a boundary might be able to enclose the same area more efficiently, so it is still an open question whether two fixeddistance curves are ever minimizing.
(3) a pair of spokes, or (4) two fixed-distance curves. At least (1)-(3) actually occur.
Proof. By Theorem 2.1, minimizers exist and consist of constant-curvature curves.
Suppose some component of a minimizer intersects no boundaries. Then the component is either a circle or it wraps at least once around the band. Any circle can be translated so that it is tangent to a boundary or another curve, violating regularity. Therefore, the component must wrap around the band. The component cannot wrap around multiple times without crossing itself, so it must wrap around exactly once. If the component is not at fixed distance from a boundary, than we can find a shorter curve enclosing the same area. Therefore, the component is a fixed-distance curve. Two such curves can sometimes enclose are given area more efficiently than one as shown in Figure  16 , but there is no advantage of having more than two.
If a component intersects both boundaries, then it must be a spoke. Two spokes are necessary to enclose area, but there is no advantage to be gained by having more than two. Clearly spokes cannot coexist with fixed-distance curves since they would cross, violating regularity. They also cannot coexist with a component intersecting only one boundary, since that component can be translated so that it touches one of the spokes or another curve, violating regularity. Suppose a component intersects exactly one boundary. Then it must do so twice since it has finite length and must do so orthogonally, so it is an arc. We use a variational argument, similar to 3.9, to rule out multiple arcs as well as arcs and fixed distance curves.
In the following example, we consider a rather simple band that will serve as a jumping off point for one of the most interesting surfaces we have yet to encounter. Proof. By Theorem 4.2 a minimizer is either an arc normal to the boundary (in this case, a semi-circle), a pair of spokes, or a fixed-distance curve (in this case a parallel line). Due to the dimensions of the band, the pair of spokes has the same length as fixed-distance curve, so they are minimizing for the same range of areas. The formula for a Euclidean semi-circle is L 2 = 2πA, so setting L = 2w we see that semi-circle only minimizing for areas below 2w
2 /π. Since (area S) = 2w 2 , therefore 2w 2 /π < (area S)/2, so all three types of minimizers occur.
The reader may notice that our theorem did not give a range of areas for each minimizer, as we did in Theorem 3.9. Unlike the minimizers described Figure 18 , there exist 0 < A 1 < A 2 < A 3 < (area S)/2 such that the leastperimeter way to enclose area A is (1) an arc normal to the boundary with less curvature if A ≤ A 1 , (2) a pair of spokes if
See Figure 18 for illustration.
Proof. Let S be a hyperbolic band of small width w and circumference c = 2w with a closed geodesic running down the middle. Therefore, the fixed-distance geodesic has the same length as a pair of spokes, but all other fixed-distance curves are slightly longer. Since small hyperbolic surfaces are nearly Euclidean, arcs normal to a boundary are best up to A 1 ≈ 2w 2 /π < (area S)/2 (Lemma 4.3). Spokes are the sole minimizers for larger areas, except (area S)/2 where spokes and fixed-distance curves are equal. Let A g be the area enclosed by the fixed distance geodesic. Trim the top and add to the bottom so that the fixed-distance geodesic encloses area A g which is less than half the area. . By trimming along two spokes, we can reduce the circumference just enough that a fixed-distance curve will win out for a small range of areas.
1) Trim a small amount of area of the top of the band by cutting along a fixed-distance curve, as in Figure 19 . Add this area to the bottom. Now the fixed-distance geodesic encloses slightly less than half the area. Therefore, spokes and fixed-distance curves are equal at A g < (area S)/2.
2) Trim the band along two geodesic spokes to reduce the circumference very slightly, as in Figure 20 . Now c < 2w, so the fixed-distance geodesic is actually shorter than a pair of spokes. Therefore, fixed-distance curves are superior to spokes at A g and nearby areas. Specifically, for some small ε > 0, fixed-distance curves are minimizing when A g − ε < A < A g + ε. Since c is only slightly less than 2w, therefore A 1 < A g − ε < A g + ε < (area S)/2. Setting A 2 = A g − ε and A 3 = A g + ε we arrive at the desired inequality.
Finally, we need to make sure no further alternation occurs. The length of a fixed-distance curve decreases monotonically as area increases from 0 to A g , and increases monotonically after that. Therefore, fixed-distance curves are only superior for A 2 < A < A 3 . Likewise, once the area enclosed exceeds A 1 , arcs normal to the boundaries get longer and longer while spokes stay the same length. Therefore, arcs normal to the boundaries are only minimizing for A < A 1 . The length of a pair of spokes is constant, so spoke are only minimizing for A 1 < A < A 2 and A 3 < A < (area S)/2. Therefore, no further alternation occurs.
We'll now see that the unusual alternation of Theorem 4.4 never occurs on a Möbius band. Remark 4.5. Every Möbius band contains a fixed-distance geodesic running down the center, which of course encloses no area. The fixed distance curve that encloses the most area lies halfway between the middle and the boundary. Therefore, on a hyperbolic or spherical Möbius band, the length of a fixeddistance curve increases with the area enclosed (see Figure 21) . Theorem 4.6. Let S be a Möbius band. Then there exist A 1 ≤ A 2 ≤ (area S)/2 such that a minimizer is (1) an arc normal to the boundary for A < A 1 , (2) a fixed-distance curve for A 1 < A < A 2 , (3) a pair of spokes for A 2 < A < (area S)/2. On some bands, fixed-distance curves do not occur, on some bands spokes do not occur, and on some bands, neither occur.
Proof.
The argument for what types of minimizers are possible is the same for as Theorem 4.2. We now examine the order in which they occur.
An arc normal to the boundary is the only minimizer with no lower bound on its perimeter, so it is clearly best for small areas. Hence, there exists A 1 such that for area A < A 1 arcs normal to the boundaries are minimizing. In a hyperbolic or spherical Möbius band, the length of a fixed-distance curve will get longer and longer as the enclosed area increases (Remark 4.5). The length of a pair of spokes, however, is constant. Therefore, there exists A 2 such that a fixed-distance curve is minimizing for area A 1 < A < A 2 and a pair of spokes is minimizing for area A 2 < A ≤ (area S)/2. Clearly spokes do not occur in Möbius bands with a very small circumference while fixed-distance curves do not occur in Möbius bands with a very large circumference such as Figure 22 . In a Euclidean Möbius band with a small circumference (relative to the width) the minimizers are arcs normal to the boundaries and fixed-distance curves. If the circumference is large, the minimizers are arcs normal to the boundaries and spokes. Figure 22 . In Euclidean Möbius bands, the length of a fixed-distance curves and spokes are constant, so one type of curve is always better than the Möbius band constructed from a 2w by w Euclidean rectangle, in which case they are always equal. However, on that particular Möbius band, semi-circles beat out both spokes and fixed-distance curves over the entire range of areas.
One of the great things about bands is that we can use them to find the isoperimetric regions on strips, tori, cylinders, Klein bottles, and twisted chimney spaces without assuming existence and regularity. The following arguments are a generalization of Lee's proof of the isoperimetric problem in the Euclidean infinite strip [7, Proposition 4.2].
Definition 4.7.
A rectangular torus is a Euclidean rectangle with opposite sides identified. A rectangular Klein bottle is Euclidean rectangle with opposite sides identified where one pair of sides is identified with a 180
• twist.
Definition 4.8. Consider the region of the Euclidean or hyperbolic plane between two curves of equal constant curvature. One boundary must be concave, the other convex. If we identify the boundaries, we get a cylinder. If we identify the boundaries with a 180
• twist with respect to some perpendicular axis, we get a two-dimensional twisted chimney space as in Figure 23 .
Note that there is no such thing as a spherical cylinder or twisted chimney space, since two circles with equal curvature are both concave and hence cannot be smoothly identified. Proposition 4.9. We can view the rectangular torus as a double of the band. If we double the isoperimetric regions of area A on the band, we get isoperimetric Figure 23 . A two-dimensional hyperbolic twisted chimney space is made by oppositely identifying two curves of equal constant curvature.
regions of area 2A on the torus, indeed all of them up to translation. Hence, the band and torus isoperimetric problems are equivalent.
Proof. Let C be a minimizer in a Euclidean band enclosing area A. Reflect the band along one of its boundaries and identify the other two, forming a torus. C and its reflection will enclose area 2A in the torus.
Suppose under contradiction that the union of C and its reflection is not minimizing. Then there is a set of curves D enclosing area 2A which is shorter than the union of C and its reflection. Pick two longitudes which divide the torus into two bands of equal area. By the intermediate value theorem, we can pick our longitudes so that half of the area enclosed by D lies in one band and half lies in the other. Since D is shorter than twice the length of C, at least one of the pieces of D will be shorter than C but enclose the same area, contradiction. Therefore, the union of C and its reflection is a minimizer in the torus. Now let K be a minimizer in a torus. Cut along two antipodal longitudes to create a pair of bands of equal area, with half of the area enclosed by K in each. Suppose under contradiction that the piece of K in one of the bands is not minimizing. Call that piece K .
Case 1: Suppose K is no longer than the other piece of K. Since K is not minimizing, there is a shorter set of curves J enclosing the same area. Reflect the band over a boundary and identify the other two, recreating the original torus. Therefore, J and its reflection are shorter than K but enclose the same area, contradiction.
Case 2: Suppose K is longer than the other piece of K. Take the band containing the shorter piece of K and reflect it over a boundary and identify the other two. The shorter piece of K and its reflection are shorter than K but enclose the same area, contradiction.
Therefore, each piece on K is a minimizer in its band. Since every minimizer in the band can be doubled to create a minimizer in the torus and every minimizer in the torus can be cut in half to form minimizers in the band, the problems are equivalent. Proof. The minimizers on a band with a long circumference will be the same as the minimizers on a strip. The minimizers on a long torus will be the same as the minimizers in a cylinder. Therefore, by Proposition 4.9 the two problems are equivalent and their solutions can be derived from the band theorem.
The band theorem also gives rise to solutions in non-orientable surfaces, given the following lemma.
Lemma 4.11. In an annulus bounded by two constant-curvature curves, a minimizer intersects a given boundary twice (if ever).
Proof. If a component intersects only one boundary, it must do so twice since it has finite length. Therefore, it is an arc normal to the boundary. Multiple arcs on a given boundary can be ruled out through translation as can an arc and a component meeting both boundaries. If a component intersects both boundaries, it is a spoke. One spoke cannot enclose any area, and three or more spokes are clearly inferior to two. Therefore, if a minimizer meets a given boundary, it must do so twice. Proof. Let C be a minimizer in a band enclosing area A. Reflect the band along one of its boundaries. Together C and its reflection enclose area 2A. Note that each boundary point of C and its reflection lie on the same meridian. In order to make an opposite identification, we need to pick some meridian M that will remain fixed. If C does not intersect the boundary, choose any meridian to be M . If C intersects a boundary twice, pick M to be the meridian halfway between the points of intersection, so that each point will get identified to the other point's reflection. By Lemma 4.11, M cannot intersect the same boundary once or more than two times. Having chosen M , oppositely identify two boundaries to form a Klein bottle. In this way, since every boundary point of C has been identified to a boundary point in C's reflection (and vice versa), the union of C and its reflection is a simple closed curve enclosing area 2A. The rest of the proof follows the same methods as for Proposition 4.9.
Corollary 4.13. The Euclidean infinite strip and twisted chimney space problems are equivalent. Both can be derived from extreme cases of the band.
Proof. The minimizers on a long band with a long circumference will be the same as the minimizers on a strip. The minimizers on a long Klein bottle will be the same as the minimizers in a twisted chimney space. Therefore, by Proposition 4.9 the two problems are equivalent and their solutions can be derived from Theorem 4.2 (the band theorem).
We conclude this section with two conjectures about the nature of hyperbolic surfaces.
Conjecture 4.14. The minimizer on a hyperbolic cylinder without a cusp is a circle for small areas and two equidistant curves bounding a band for large areas. The minimizer on a hyperbolic twisted chimney space is a circle for small areas and a single equidistant curve bounding a Möbius band for large areas.
Conjecture 4.15.
A hyperbolic cylinder constructed from the region between two equidistant curves is congruent to the cylinder constructed by identifying their axes. The same property holds for twisted chimney spaces.
Hyperbolic genus-two surfaces
We now consider the isoperimetric problem on the simplest hyperbolic manifold: the compact genus-two surface. All genus-n surfaces have hyperbolic structures (n > 1) and can be decomposed into hyperbolic pairs of pants (a sphere minus three disks), as we do this section. By studying the simplest case, we hope to gain insight into how to approach the isoperimetric problem on all hyperbolic surfaces.
One common approach to studying genus-n surfaces is to chop them up into simpler pieces by cutting along geodesics. Since any genus-n surface can be formed from a polygon with 4n sides, geometers often use the hyperbolic octagon as a road map for what is happening on the surface of the genus-two surface. We too tried that approach, but had difficulty controlling the lengths of the geodesics we were interested in. We had more success when, following William Thurston [12] , we cut the surface into two pairs of pants and each pair of pants into two right-angled hexagons (Lemma 5.8). We then looked for properties of hyperbolic hexagons that we could extend to hyperbolic genus-two surfaces (Proposition 5.10).
In the following lemmas, we lay the groundwork for the isoperimetric problem with a succession of topological arguments, before moving into the geometry of curvature and length.
Lemma 5.1. Two disjoint non-separating embedded closed curves separate the genus-two surface if and only if they are in the same homotopy class. Cutting a genus-two surface along two such curves in different homotopy classes results in a four-punctured sphere.
Proof. Two disjoint non-separating embedded closed curves in the same homotopy class clearly separate the genus-two surface. Therefore, consider two such curves in different homotopy classes. Cut along those curves. The resulting subsurfaces will have a total of four boundaries and total Euler characteristic χ = −2. Thus, at least one subsurface will have χ ≥ −2, so it must be one of the following:
(1) disk (once-punctured sphere), (2) annulus (twice-punctured sphere), (3) pair of pants (thrice-punctured sphere), (4) four-punctured sphere, (5) once-punctured torus, (6) twice-punctured torus.
A disk (1) requires one of the curves to be homotopically trivial and hence separating, a contradiction. An annulus (2) implies that there is a continuous deformation taking one boundary to the other which means the curves are in the same homotopy class, a contradiction. A pair of pants (3) has three boundaries, so two of the boundaries must be made from a single curve. The other curve therefore is separating, contradiction. A once-punctured torus (5) is bounded by a single curve, so that curve must be separating, a contradiction. A twice-punctured torus (6) has χ = −2 so there can be no other subsurfaces, yet there are only two boundaries, a contradiction. Therefore, at least one of the subsurfaces must be four-punctured sphere (4). Since a four-punctured sphere has χ = −2 it is the only subsurface. Therefore, if the curves are in different homotopy classes, they do not separate the genus-two surface, but rather split it into a four-punctured sphere.
Lemma 5.2. Three disjoint closed curves will always separate the genus-two surface.
Proof. Consider two disjoint closed curves which do not separate the surface. By Lemma 5.1 they are in different homotopy classes and cutting along them results in a four-punctured sphere. Every closed curve on a sphere is separating, regardless of whether there are punctures. Therefore, adding a third closed curve on the genus-two surface will separate it. Lemma 5.4. On every hyperbolic genus-two surface, a separating geodesic splits the surface into two once-punctured tori, each with area 2π.
Proof. Suppose when you cut along a separating geodesic you end up with two holes on one side. The region without holes will be a disk, which has Euler characteristic χ = 1. However, its Gauss curvature is G = −1, and its boundary has no geodesic curvature (k g = 0). Thus, from the Gauss Bonnet formula
we get area A = −2π, a contradiction. Therefore, there must be a hole on each side, so a separating geodesic splits the genus-two surface into two oncepunctured tori. These two surfaces both have geodesic boundary and the same Euler characteristic, so by the Gauss-Bonnet formula they must have the same area, 2π.
The following proposition is the culmination of the preceding lemmas and provides a jumping off point for our study of hyperbolic genus-two surfaces.
Proposition 5.5. Any three disjoint closed geodesics will partition a hyperbolic genus-two surface into two pairs of pants, each with area 2π.
Proof. Case 1: Let g 1 be a separating geodesic. By Lemma 5.4, cutting along g 1 splits the surface into two once-punctured tori. Add a disjoint geodesic g 2 . Since g 2 does not cross g 1 it must be entirely contained in one of the two once-punctured tori. According to the Gauss-Bonnet formula, g 2 cannot bound a disk. Since there is a unique geodesic in each homotopy class (Lemma 5.3), g 1 and g 2 cannot bound an annulus. Therefore, g 2 does not separate the once-punctured torus, but rather splits it into a pair of pants. Add a third disjoint geodesic g 3 . Since g 3 does not cross the other two geodesics, it must be contained in either the pair of pants or the other once-punctured torus. If we draw g 3 on the pair of pants than it will bound a disk or an annulus, a contradiction. Therefore, g 3 must go on the remaining once-punctured torus, splitting it into a second pair of pants.
Case 2: Consider three disjoint closed geodesics, none of which are separating. Pick any two of these geodesics and cut along them to get a four-punctured sphere (Lemma 5.1). By Lemma 5.2, three disjoint closed geodesics partition a genus-two surface, so the third geodesic must split the sphere into two regions. If one of the regions has no punctures it is a disk, contradiction. If it contains one puncture, it is an annulus, also a contradiction. Therefore, each region must have two punctures and by definition is a pair of pants.
Each pair of pants has geodesic boundary and the same Euler characteristic, so by the Gauss-Bonnet formula each must have the same area, 2π. Proposition 5.5 gives us a powerful tool for solving the isoperimetric problem. Not only can we cut every genus-two surface into two pairs of pants, but we can do so using any three disjoint closed geodesics. In fact, we can find out everything we need to know about the hyperbolic structure of a given genustwo surface from the lengths of any three disjoint closed geodesics. To discover what lengths are allowed, we will cut each pair of pants into two right-angled hexagons.
Lemma 5.6 ([4, p. 94]).
A hyperbolic right-angled hexagon is determined by the lengths of three alternating sides.
Lemma 5.7. Every hyperbolic pair of pants can be cut into two identical rightangled hexagons.
Proof. A hyperbolic pair of pants is bounded by three closed geodesics. In hyperbolic surfaces, each pair of disjoint geodesics has a unique perpendicular geodesic running between them. Thus, cutting along the three perpendicular geodesics perpendicular to the boundaries will split the pair of pants into two hyperbolic right-angled hexagons. Since the two hexagons have three side lengths in common (the geodesics we cut along), by Lemma 5.6 they are identical.
The following lemma completes the connection between hyperbolic rightangled hexagons and hyperbolic genus-two surfaces.
Lemma 5.8. Every hyperbolic genus-two surface can be cut along any three disjoint closed geodesics into four right-angled hexagons. Any four identical right-angled hexagons can be identified to form a genus-two surface.
Proof. Every genus-two surface can be cut along three disjoint closed geodesics into two pairs of pants (Proposition 5.5), which in turn can be cut into four right-angled hexagons (Lemma 5.7). Likewise, two identical right-angled hexagons can be identified along three alternating sides to form a pair of pants. Doubling this pair of pants along its boundaries yields a genus-two surface.
In the next proposition, we show that the lengths of any three disjoint closed geodesics on the genus-two surface can treated as independent parameters in determining a hyperbolic structure. Proof. Given any three disjoint isotopy classes on the genus-two surface, we can cut along the geodesics in the three isotopy classes to get two pairs of pants (Lemma 5.8). Cut those pairs of pants to get four right-angled hexagons, whose alternating sides s 1 , s 3 , s 5 derive from portions of our three geodesics. Given three positive numbers a, b, c, by Lemma 5.9 we can scale our rightangled hexagons so that on each hexagon the sides s 1 , s 3 , s 5 have lengths a, b, c. Now re-identify the hexagons the same way we cut them to get a genustwo surface with geodesics in the same isotopy classes as before. The new genus-two surface will have geodesics in the given isotopy classes with lengths a, b, c, or multiples thereof. For some isotopy classes, it may be necessary to
Two-holed torus
Two pairs of pants Four right-angled hexagons Figure 24 . Every genus-two surface can be cut along three disjoint closed geodesics to form two pairs of pants, which can then be cut into four right-angled hexagons.
choose hexagon with side-lengths such as a 2 or b 3 in order to achieve the desired lengths of geodesics.
We are now ready to consider the isoperimetric problem on hyperbolic surfaces.
Theorem 5.11 ([1, Theorem 2.2])
. Let S be a hyperbolic surface. Given area A < (area S)/2, a minimizer consists of precisely one of the following: (1) a circle bounding a disk, (2) horocycles bounding cusps, (3) a pair of equidistant curves bounding an annulus, (4) lone equidistant curves.
Note: "Lone equidistant curves" means one equidistant curve per isotopy class. A pair of equidistant curves implies two curves in the same isotopy class with the same geodesic axis.
Proof sketch. Consider all hyperbolic constant-curvature curves: circles when |κ| > 1, horocycles when |κ| = 1, and equidistant curves when |κ| < 1. Multiple circles can be ruled out through translation. Circles and horocycles cannot occur together or with equidistant curves since all three have different curvatures. Perimeter-area inequalities are then used to show that an annulus occurs alone.
Adams and Morgan also provide perimeter-area formulas for each type of minimizer.
Lemma 5.12 ([1, Lemma 2.3]). Consider a collection of equidistant curves of total length L, each with curvature κ at distance s from their respective geodesics. Let l be the combined lengths of the underlying geodesics. Then
where ∆A is the area of the region between the curves and the geodesics. Also, ∆A = l sinh s, L = l cosh s, and κ = tanh s.
Now that we know what types of curves we have to work with, we can apply the results of Adams and Morgan to the genus-two surface. t where l t is the combined length of the three shortest non-separating geodesics. For small areas, the minimizer is a disk. Separating curves and pairs of pants are mutually exclusive, unless l s = l t in which case they are minimizing for the same range of areas. See Figure 1 for illustration.
Proof. Since the surface is hyperbolic, a minimizer must be one of the candidates listed in Theorem 5.11. Disks and annuli both exist on genus-two surfaces, but cusps do not. Suppose the minimizer consists of lone equidistant curves:
Case 1: If none of the curves are separating, then there must be at least three such curves to enclose area (Lemma 5.1). Since every three disjoint closed geodesics enclose a pair of pants (Lemma 5.5), every three disjoint equidistant curves do as well (4) . Since there are up to three isotopy classes on the genus-two surface, a minimizer cannot contain more than three disjoint lone equidistant curves.
Case 2: If one of the equidistant curves is separating, then that curve splits the surface into two once-punctured tori. If there are additional equidistant curves, they must reside on different once-punctured tori since they belong to distinct isotopy classes. However, each curve will merely split its respective once-punctured torus into a pair of pants, thereby adding more perimeter without affecting the area, a contradiction. Therefore, if the minimizer contains a separating curve, then there are no other components.
Therefore, a minimizer in a hyperbolic genus-two surface is one of the types listed. The perimeter-area formulas follow immediately from Lemma 5.12.
Remark 5.14. Since disks and annuli are minimizing on the maximal genustwo surface [1, Theorem 3.1] and separating curves and pairs of pants are minimizing in certain limiting cases (Theorem 5.18), all four types of minimizers occur.
Having characterized all possible types of minimizers on hyperbolic genustwo surfaces, we will see which types occur in each of the limiting cases.
Theorem 5.15. The following are all the smooth limiting cases of hyperbolic genus-two surfaces:
(1) two once-punctured tori, (2) a once-punctured torus and a thrice-punctured sphere, (3) a twice-punctured torus, (4) a 4-punctured sphere, (5) two thrice-punctured spheres connected at one pair of cusps, (6) two thrice-punctured spheres connected at three pairs of cusps.
Proof. We will first show that these six cases are the only ones possible. Since the hyperbolic genus-two surface has Euler characteristic χ = −2, the Euler characteristic of every limiting case must also be −2. Since there are no hyperbolic surfaces without boundary that have χ > 0, every component of a limiting case must have χ = −1 or −2. The only choices therefore are once-punctured tori, twice-punctured tori, thrice-punctured spheres, and fourpunctured spheres. Since none of these have χ > 0, a limiting case cannot include pieces with x < −2. Four-punctured spheres and twice-punctured tori are both limiting case candidates, since they each have χ = −2, yielding cases (3) and (4). Once-punctured tori and thrice-puncture spheres have Euler characteristic −1 so they can either be combined with themselves yielding cases (1) and (5/6) or combined with each other yielding case (2) .
If a limiting case has more than two cusps, we can identify them in different ways, potentially leading to more limiting cases. In case (1) with two oncepunctured tori there are only two cusps so we simply identify them to each other. In case (2) with a once-punctured torus and a thrice-punctured sphere, it does not matter which of the thrice-punctured sphere's three cusps we identify to the torus's cusp, since there is an isometry of hyperbolic space taking one cusp to another. In case (3), a twice-punctured torus, there are only two cusps. In case (4), a four-punctured sphere, there are three ways to identify the cusps. All lead to different genus-two surfaces, but there does not seem to be a way to classify them in a way that will be helpful in determining their minimizers. If we have two thrice-punctured spheres, we can take one sphere and identify two of its cusps to each other and one to the other sphere, leading to case (5), or identify all three cusps with the other sphere, yielding case (6). We have now considered all possible smooth surfaces and all the ways of identifying them. Therefore, our list is complete.
We will now show that all these cases do in fact occur. From Lemma 5.10, we know that by cutting the surface into hexagons, scaling the hexagons, and regluing them, that we can make up to three disjoint closed geodesics arbitrarily short. Therefore, choose a separating geodesic (call it A) and two other disjoint closed geodesics (call them B and B ) as shown in Figure 25 . If we alter the metric so that A shrinks to a point we get two once-punctured tori (1). Shrinking A and B yields a once-punctured torus and a thrice-punctured sphere (2) . Shrinking B yields a twice-punctured torus (3). Shrinking both B and B yields a four-punctured sphere (4). Shrinking along A, B, and B yields two thrice-punctured spheres (5). To get case (6), replace the separating geodesic with another closed geodesic with does not intersect the others (C in Figure  25 ), and shrink all three geodesics. Figure 26 . The collar lemma states that if a closed geodesic is very short, every closed geodesic crossing it must be very long.
Before we can determine what types of minimizers occur in each of these limiting cases, we need the following important result about disjoint closed geodesics.
Lemma 5.16. If g is a simple closed geodesic shorter than 1.31, then every closed geodesic which crosses g must be longer than 1.31, as in Figure 26 .
Proof. According to the Collar Lemma [8, Lemma 3.2], a simple closed geodesic g of length l has two identical equidistant curves on each side bounding an annulus of area l/ sinh(l/2). Let 2d be the width of the annulus. From Lemma 5.12 we know that the area between one of the equidistant curves and its axis is l sinh(d). Therefore, l/ sinh(l/2) = 2l sinh(d), so
.
Any closed geodesic that crosses g will cross the entire annulus, so its length will exceed 2d. Therefore, g is shorter than 2d, every closed geodesic it crosses will have length greater than l. Plugging l = 2d into the above equation yields l = 1.31 · · · . Therefore, if g is shorter than 1.31, any closed geodesic crossing g must be longer than 1.31.
Lemma 5.17. Given three non-separating disjoint closed geodesics on a genustwo surface, every other closed geodesic must cross at least one of these geodesics.
Proof. Pick three disjoint closed geodesics. Every three disjoint closed geodesics partition the genus-two surface into two pairs of pants 5.5. A pair of pants is a thrice-punctured sphere. Every closed curve on a thrice-punctured sphere will be isotopic to one of the boundaries. There is only one geodesic in each isotopy class (Theorem 5.3). Therefore, neither pair of pants can contain a closed geodesic, so every additional closed geodesic must intersect one of the geodesics we have already chosen.
Proposition 5.18. In genus-two surfaces near the limiting cases listed in Theorem 5.15, the minimizer is a disk for very small areas and an annulus for small areas. For large areas (close to 2π), the minimizer is (1) a separating curve on genus-two surfaces approaching cases (1), (2) , and (5), (2) a pair of pants on genus-two surfaces approaching case (6). In surfaces approaching cases (3) and (4), the minimizer for large areas depends on the metric.
Proof. From Theorem 5.13 we know that the minimizer will always be a disk for very small areas. Furthermore, in each limiting case the length of the shortest geodesic (l m ) is almost zero, so from our formulas we see that annuli are superior to disks when A ≥ l 2 m /π. In cases (1) and (2) and (5), the separating geodesic is the shortest (or equally shortest) geodesic, so clearly a separating curve is better than an annulus or disk for large areas. Suppose under contradiction that a pair of pants is also minimizing. Then by Theorem 5.13 there must be three non-separating disjoint geodesics whose combined length is shorter than the l s . By Lemma 5.17 one of these geodesics must intersect the separating geodesic of length l s and by Lemma 5.16 it must be longer than l s , contradiction. Therefore, the minimizer must be a separating curve for large areas.
If we take the separating curve and annulus equations from Theorem 5.13 and set them equal we get
In this case l s = l m ≈ 0, so we end up with A ≈ π. Note than A never reaches π, since that would require the separating curve to have 0 length. Therefore, the minimizer is a separating curve for A > π.
Case (6) is formed by making three non-separating disjoint closed geodesics arbitrarily short (see proof of Theorem 5.15). By Lemma 5.17 every separating geodesic must cross one of these geodesics and by Lemma 5.16 must be longer than 1.31. Therefore, l s > l t so a separating curve cannot be minimizing. From the above calculations, we see that a pair of pants is best for A > π.
Remark 5.19. Proposition 5.18 can also be used to find the minimizers on each of the punctured hyperbolic surfaces mentioned in the limiting cases. For instance, on a once-punctured torus, a minimizer can be a) horocycles bounding cusps, b) a separating curve, or c) two equidistant curves bounding a punctured annulus.
It is interesting to note that in every example we have examined, both disks and annuli are isoperimetric for some range of areas. Is this always the case? We begin our investigation with a lemma about the lengths of closed geodesics. Thus, no matter what our hyperbolic metric is, there will always be some closed geodesic shorter than 3.058. The result of this restriction is that disks are never optimal over the entire range of areas. occur. Therefore, there are no genus-two surfaces with only pairs of pants and disks as minimizers.
Theorem 5.23. For every hyperbolic metric on a genus-two surface, there exists a range of areas for which annuli are isoperimetric.
Proof. Suppose there exists a genus-two surface S with no isoperimetric annuli. Cut S along its shortest separating geodesic (length l s ) to obtain two oncepunctured tori. Cut one of the tori along a closed geodesic to obtain two pairs of pants. On each pair of pants, two boundaries will have the same length since they were cut from the same geodesic; the other boundary will have length l s as in Figure 27 . Cut one of the pairs of pants into two identical right-angled hexagons. Each hexagon will have two alternating sides of the same length (which we call x) and a third alternating side of length l s /2. Note that the first two sides are formed from half of a closed geodesic in S, so x ≥ l m /2 (where l m is the length of the shortest closed geodesic). The side opposite the third side is formed from an entire closed geodesic in S, so its length h ≥ l m . Given l s and x, we can find h using hyperbolic trigonometry [4, p. 99]:
h(x, l s ) = arccosh( cosh(l s /2) + cosh 2 (x) sinh 2 (x) ) By Lemma 5.22(1), 2.37 < l s < 5.94. By condition (2), l m > 2.37, so x ≥ l m /2 ≥ 1.18. Suppose x = 1.18. Then from Figure 28 we see that whenever l s < 5.60, then l m ≤ h < 2.37, contradiction. Suppose x ≥ 1.18. From Figure 29 we see that making x bigger simply makes h even smaller, so condition (2) still fails. Therefore, in order to satisfy condition (2), we need 5.60 ≤ l s < 5.94. Figure 30 , we see that if x = 1.49, h < 2.98 and hence h < l m , contradiction. If x > 1.49, then h is even smaller, so the contradiction still holds.
Therefore, there is no genus-two surface that satisfies all three conditions of Lemma 5.22, so every genus-two surface must have isoperimetric annuli. Figure 29. h(x, 0). In the first graph, we pick a value for l s (in this case, 0) and graph h as a function of x. In fact, no matter what value we pick for l s , the graph will be strictly decreasing over the entire domain of x. We summarize the preceding three results in the following theorem.
Theorem 5.24. On a hyperbolic genus-two surface the set of minimizers is one of the following:
(1) disks and annuli, (2) disks, annuli, and separating curves, (3) disks, annuli, and pairs of pants, (4) disks, annuli, separating curves, and pants.
At least (1)-(3) occur. In case (4), separating curves and pairs of pants are minimizing for the same range of areas.
Proof. From Theorem 5.13 we know that disks are always minimizing for small areas. From Lemma 5.21 we know that disks are never minimizing for half the area of the surface, so there must always be at least two types of minimizers. Theorem 5.23 tells us that annuli must always be minimizing. Therefore, the combinations listed are the only ones possible. Disks and annuli (1) are minimizing on the maximal genus-two surface [1, Theorem 3.1], while (2) and (3) occur in the limiting cases (Proposition 5.18). Case (4) requires that the length of the shortest separating geodesic, l s , equal the lengths of the three shortest non-separating geodesics, l t , and that annuli are not minimizing for A = 2π (we have yet to find a genus-two surface where this is the case).
We conclude with a peek into how the study of genus-two surfaces might be generalized to other genuses.
Proposition 5.25. On every rectangular torus, both disks and annuli occur as isoperimetric regions.
Proof. It is well known that the only minimizers on a rectangular torus are disks and annuli. As usual, disks will always occur for small areas. Therefore, all we need to show is that annuli are better than disks for some ranges of areas on every torus. Let T be a torus constructed from a rectangle of length a and width b, where a ≤ b. Therefore, for a disk to be minimizing, its perimeter must be shorter than 2a, the length of an annulus. Since the area of the torus is ab, a disk enclosing half the area must have length L = 4π(ab/2) = √ 2πab ≥ √ 2πa 2 > √ 4a 2 = 2a. Thus, a disk will never be minimizing for half the area, so there will always be a range of areas for which annuli are minimizing.
Conjecture 5.26. For every hyperbolic metric on a genus-n surface, both disks and annuli are isoperimetric.
To readers seeking to prove or refine the above conjecture, we wish you the best of luck in your endeavors.
